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A method for constructing control moments for application to a solid body rotat-
ing about a fixed point [1] is proposed. The effect of these moments is to stabi-
lize an axis rigidly attached to the solid body with respect to some other axis
passing through the fixed point and performing a specified motion, The problem
of stabilization of the rigidly attached axis with respect to a stationary axis pas-
sing through a fixed point is considered in the case of a girostat,

1. Let us consider a solid body with a fixed point () which coincides with the body
center of mass, We denote by S a vector in the absolute system of coordinates 0 XY Z;
by H a vector rigidly attached to the solid body ; by ozxyz a system of coordinates
whose axes coincide with the principal central axes of the body ellipsoid of inertia, and
by S, and H0 the unit vectors of vectors § and H, Vector S is assumed to rotate
about point o at some instantaneous velocity @, {f). We use the notation

oy = cos (Sy, ), oy = cos (S, y), oz = cos (S, 2)
P = cos (Hy, z), B, = cos (M, y), Ps = cos(H, 2
We write the equations of motion in the form of Euler's dynamic equation
0 + o X Qo =M (1.1)

where @ is the vector of instantaneous angular velocity of the body, 0 isthe tensor of iner-
tia of that body about the fixed point 0, and M is the control moment, Vector So satisfies

the kinematic relation Sy = Sy X (@ — o) (1.2)

Let us consider the problem of determining a control moment M whose action on the
body would force it to approach asymptotically a motion such that vector H attached
to the body assumed the direction of the mobile vector S, and to investigate the stability
of such motion.

Let us consider moment M analogous to that considered in [1] defined by

M= p 4 0a," 4 0 x 00 -+ A (H, x B0) 4 /3 grads U, A=const >0 (1.3)
3

U=a2(oq—3i)2. o = const >0 (1.4)
fa

where grad,, U indicates that the gradient operation is carried out with respect to com-
ponents o; (i = 1, 2, 3). The equations of motion (1,1) — (1, 3) admit the following
articular solution
P o =0, +iH, H,=2S5, (1.9)
where W is some moment which vanishes in the case of motion (1. 5).
Let us investigate the stability of solution (1. 5). We form the equations of perturbed
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motion, using for the variations of variables the following notation;
P—=Po—My=p, 9—G—M=q, r—ry—AB;=r, (1.6)
o —B; =8 (=123
e have Ap," = M (BByri— CBsgy) + Bgory — Crogy + (B — O)gyry + (1.7
ad; +m (123
8, = Pory — Pty + A (BaBy — BuBy) + 8oy — 83y (1 2 3) (1.8)
where the symbol (123) shows that the two subsequent equations are obtained from (1.7)
and (1. 8) by cyclic permutation,
Let us consider function
2V = Ap,* + Bg,? + Cr® — 2A (Aps8; + By + Cridy) +
a (8, + 8, + 859

a > Mm;, m;=max {4, B, C} (1.10)

Function (1. 9) is a positive definite function of variations of the system variables, Let
us formulate the total derivative of function (1. 9) with respect to time on the basis of
equations of perturbed motion (1. 7),(1.8) and assume

(1.9)

for

u; = —Kp; — [K — A (B + O (Bsgy — Bard) — (Bgery — (1.1D
Croqy)

p, = —Kgqy — K — A4 + O (Byry — Bspy) — (Cropy —
Apery)

py = —Kry — K — A (4 + B)l (Bepy — Bugy) — (Apots —
Bgopy), K =a/A >0
We obtain
V' = —K [(p; — A8))* + (g, — A8y)* + (ry — A8y)%] (1.12)
Function (1,12) is a constant-sign negative function of variables py, gy, 7y, §;, &,
and §,, and the manifold £ of points at which ¥ = 0 is of the form

pl - A;‘Sl, gl == 7&62, rl = A«ﬁg (1. 13)

For parameters defined by (1.13) the equations of motion (1. 8) are satisfied identically
and Egs. (1. 7) assume the form

A(B — ()0:8; + (K — AC) 5253 — (K — AB)B3b, = 0 (123 i
Note that when §; (i = 1, 2, 3) is determined with the use of one of the equations
of system (1, 14) and the result substituted into another, the third of these equations is
obtained, hence one of the equations of that system can be excluded from the analysis.
From the first of Egs. (1. 14) we determine §,,and from the second §,. The substitution
of these into formula
85 + 8y + 62 + 2 (B1dy + Bady + BsBy) =0 (1.19)
yields for 63 the following equation:
f(85) = (K — AC)® B,%85A,* + (K — AC)?P,203A, 4- 2 (K —
A'C) 512A1 + 2 (K - A'C') ﬁszAz + 63 + Zﬁs =0
ATI=[(KE—44) Bs — A (4 — C) 8g), A7 = [(K — AB)Bs— 2 (B — C) &

(1.16)
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Function f (84) changes its sign along segment [—1 — fg, 1 — Psl

We denote the root of Eq. (1.16) by I4 and substituting the latter into Egs. (1. 14), we
determine §, = I, and 8, = [,. After this the manifold (1.13) will not contain any
other complete motions, except the unperturbed motion for which

p1=q1:r1=0, 61=62=63=0 (1.17)

provided the initial perturbations belong to region

P10® + Gro® T To®? < MB, 8197 4 8% + 837 < 82, B =124 (1.18)
1,2 -+ 1g2
Thus, when equalities (1, 11) are satisfied, the unperturbed motion (1.,17)is asymptotic-
ally stable for all initial perturbations from region (1.18) [2].
Theorem 1, If initial perturbations belong to region (1. 18), then with condition
(1.10) and equalities (1. 11) satisfied, the solid body subjected to the action of moment

M=p,+9mo°+moxOm—}-k(Hox@m)—}-l/zgradaiU (1.19)
either performs motion
d ©=AHy,+a, Hy=S, (1.20)
or tends asymptotically to such motion; according to Liapunov, motion (1.20) is stable.
Corollary 1, If vector H lies on one of the semiaxes of the body ellipsoid of
inertia and the number K is determined in conformity with the inequality

K —Am >2, my=min{4, B, C} (1.21)

A (m1 — ma)
the motion defined by (1. 20) is asymptotically stable for all initial perturbations from
the region
8 Pro® b quo? + Taot < 4AE, 8yt B + el <4 (1.29)

If vector H lies on one of the semiaxes of the body ellipsoid of inertia and the term
A (H, X @) is absent from formula (1.19) for the moment, then, as shown by Zubov
{1], the motion (1. 20), for certain conditions imposed on moment u, is conditionally sta-
ble by Liapunov's definition,

Now,let S be a fixed vector in the absolute system of coordinates o XY Z.

Corollary 2, If the initial perturbations belong to region (1.18) and condition
(1.10) and equalities (1.11) (po = go = Ty = 0) are satisfied, the solid body subjec-
ted to the action of moment

=u -+ A H, X O0) 4+ Y/, grads, U (1.23)

either performs motion — AH,, H, =S, (1.24)
or tends asymptotically to such motion and, according to Liapunov,(1. 24) is asymptotic-
ally stable.

Let number K be defined by (1.21) and vector H lie on one of the semiaxes of the
body ellipsoid of inertia, Then the constant rotations of the body about the smallest
(A > B > () and the greatest (4 << B <C C) semiaxes of the body ellipsoid of
inertia are asymptotically stable for all perturbations from region (1. 22).

The constant rotation about the middle semiaxis of the body ellipsoid of inertia is
asymptotically stable for all initial perturbations from region (1.22),if (4 > B > ()
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and the number X satisfies condition
K>max {A(2B — (), A (34 — 2B)}

If moment p is absent from formula (1.23), the unperturbed motion (1.17) is unstable,
since the characteristic equation of the system of the first approximation equations (1.7)
and (1. 8) of perturbed motion (p, = ¢4 = r, = 0) has in addition to the zero root at
least one positive root

A =L (=0

@ (0) = —MKIpps* (A — B)* + B’Bs* (4 — O)F +
Be2Bs? (C — Bl <0, PE—+o)—+o0
Below we assume that S is a fixed vector in the absolute system of coordinates
0XYZ, i,e, that 04 = 0.

where

2. Let us consider the motion of a solid body in a central Newtonian force field.
Let the fixed point O of the body be fixed at distance R from the center of pull 0,.
The axis oZ of the fixed system of coordinates 0 XYZ is directed outward from the
center of pull and S, is the unit vector of that axis. The equations of motion of the
body with allowance for moments of gravitational forces are of the form

80"+ oxB0 —v(Sx0S) =M, Si'=Sxe, v=3g/R (2.1
where g, is the acceleration of gravity at distance H.
Let us analyze the moment
M = p° + A (Hy x 80) — v (Hy x 8S,) + s grada U 2.2
The equations of motion (2. 1) and (2. 2) admit the particular solution
o =M, H,=S5, (2.3)

Let us investigate the stability of solution (2, 3). Retaining the notation used in (1, 6)
{po = 9o = ry = Q) we formulate the equations of perturbed motion

Apy" = A (BBary — CBsty) + (B — O)gyry + v (C — B)§,65 + (2.4
v (CBsb, — BPySs) + @by + p° (1 2 3)
8, = Bary — Bty + A(Bgby — Bady) + 1Oy — @ibs (1 2 3)  (2.5)
FUBCHON )y Ap + Bg? + Cry? — 24 (ApsSy + Bgsd, -+ Crydy) +(2.6)
(@ + vA)8;2 + (& + vB)8;2 + (a+ vC) b2
o> M —v)m, m =max {4, B, C} (2.7

is positive-definite with respect to variables appearing in it,

Let us set Mlo =y — v (B e C) (ﬁ362 _ ﬁe‘sa): y;’ = py — v {4 +(2.8)

€) (B:8s — Bsby)
Bs' = pg — v (4 + B) (BS, — B162)
where W; are functions defined in (1,11) (py = g = ry == 0). The derivative of func-

tion (2, 6) with respect to time derived on the basis ot equations of perturbed motions
(2. 4) and (2. 5) with allowance for (1. 11) and (2, 8) are of the form (1.12).

where
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Weset A2 = v. Then for p; = A8}, ¢; = A,, and r; = Ad; Egs. (2.4) assume
the form B,8; — B, = 0, Bsd; — Pi0s = 0, P18, — Byb; =0.

Hence the manifold (1. 14) in which V" .= O does not contain any other complete
motions of the system, except the unperturbed motion (1.17), if the initial perturbations
belong to region (1,22).

Theorem 2, If A* = v the initial perturbations belong to region (1.22) and the
equalities (1. 11) and (2. 8) are satisfied, the solid body subjected to moment (2, 2) either
performs motion (2. 3) or tends asymptotically to that motion and such motion is asymp-
totically stable according to Liapunov.

8. Let us consider a solid body with a fixed point on whose principal axes of inertia
lie three axes of similar symmetric flywheels. Such system belongs to the class of gyro-
stats,i.e. of system whose mass distribution remains unaltered during motion. The law
of the moment of momentum yields the following equations:

Cp + Q) + (Ca—C)gr +Hyg— Hyr =0 (123), Hy= (3.1)
Jl'Qi (i=1,2,3)

where C; are the principal central moments of inertia of the gyrostat; J, are the re-

lated moments of inertia of flywheels; €2, are the angular velocities ot nywheel rota-

tion relative to the body,and p, ¢ and r are projections of vector ® of the body an-

gular velocity on the xyz-axes.
The equations of motion of the flywheels are

S +p) = =My, T (7 + ) =M, J;(Q +71)=—M, (3.2
where —M,, —M, and —M, represent the torques of motors driving the flywheels.
Let A=C—Jy, B=Cy—Jy C=C,—J,
From Egs. (3. 1) and (3, 2) we obtain
Ap" = (Cog + Hy) 1 — (Cyr + Hy) g+ Mg (1 2 3) (3.3)

Equations (3. 3) are taken as the basis of investigation, and moments M., M, and
M, are considered to be the control moments for the body.
We introduce the new variables

2y =Ap +J1(Q; + p), 2z, =Bg+ J, (2 +q), 2z, =Cr-+ (3.4

J3 (Qs + 1)
Then the combined Egs, (3.2) and (3. 3) assume the form
Ap° =2,y — 2,0+ My (1 2 3) (3. 5)
2" =zr —2,g (1 2 3) (3. 6)

Equations (3. 6) admit the first integral
z)® -+ 2,* + 23 = const (3.7

Hence for 2,2 (0) + 2,2 (0) 4 232 (0) << oo functions z; are always bounded. The
existence of the integral (3. 7) shows that it is impossible to simultaneously reduce alt
variables to zero. This conclusion shows the futility of attempts at stabilizing the gyro-



Stabilization of the rotary motion of a solid body 8817

stat, and the necessity to confine the problem to that of stabilizing the rotation of the
body itself [3].
Let us associate to (3. 5) the Poisson's kinematic equation

o, =a,;r —agg (1 2 3) (3.8)

where (a; (i =1, 2, 3) are direction cosines of the fixed vector S with moving axes,

Problem. Determine the control moment M which would make the body asymp-
totically approach such position that vector H attached to the body would assume the
direction of the fixed vector S. Let us consider moment

M=pn—A(z X H) + Y, grade; U (3.9)

where z is a vector with components z;, 2, and z,.
Equations (3. 5), (3. 9) and (3. 8) admit the particular solution

o =AM, H, =S (3.10)

forany z; (i =1, 2, 3), that satisfy conditions (3. 6) and (3. 7).
For @ = A,Ho Egs. (3. 6) assume the form

2" = A (Bsza — Bozs) (1 2 3) (3.11)
Equations (3. 11) admit two first integrals

2?4+ 2,® + 2,® = h% = const, P,z + Pyz, + Psz; = h = const (3.12)
The general solution of Eqs- (3. 11) is of the form
z; =a, cos At 4 b;sin At + A, (3.13)

Zy = '1':131—2 [(Bsby — B1Bsa,) cos Mt — (Bsay +- ByBaby) sin Me] + AB,
2 = — g [(Babs - BiBa) cos At — (Bay — ByBsby) sinAe] -+ hg,
a® + b = (1 — B,%) (b — h%), m>h

Let the initial conditions 2; (0) (i = 1, 2, 3) for system (3. 11) be such that

h = h, (3.14)
Then (g, = b, = 0) the solution of system (3.11) assumes the form
2, = hBy, 2z, = hBy 23 = hf, (3.15)
and moment (3. 9) becomes
@9 M= + Y, grads; U (3.16)

Let us restrict our analysis to the case of (3. 14), (3. 15). Using for the variation of
variables the notation

Pr=D—ABi, ¢ =g —ABy, 1 =71 — AP, a; — B = 6,
Z; —hﬁl = 1; (i=1,2, 3)

we formulate the equations of perturbed motion
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Apy" = h (Bory — Bag)) + A (Bame — BoMa) -+ Mory — Me?y + (3.17)
ad; +puy (12 3)

8," = Bori — Baqr 1~ A (Bada — Puba) -+ Sy — b,y (1 2 3)

=k (Bory — Baqy) -+ A (Bame — Bans) + Moy — Mt (12 3)

We denote by x the vector with components {p;, gy, ry, 8;, 83, 83, Ny, MNes M)
and by y the vector with components {p;, gy, 1, 8;, 8,, 83} and examine function
2V = Ap,* + Bg,® + Cry® — 2% (4p,5; -+ Bg,8y -+ Cridy) + (3.18)
o (8% + 857 - 85%) + (A8 — my)® + (D, — Mp)® + (A3 — My)*
Function (3. 18) is y-positive~definite in region [4]
0L x|<<+ (3.19)
if & > A'my, where m; = max {4, B, C}. Furthermore, for V (x) - o0,|y | —

co. The total derivative of function (3. 18) with respect to time, derived on the basis
of equations of perturbed motion (3.17) is of the form

V' = —hl(py — A8)* + (@ — A8y)* + (ry — A8y)°] (3.20)

obtained by setting in Egs. (3.17) o == Ak and defining functions u; (i = 1, 2, 3)
by the equalities
By = —hpy + A (BBsgy — CBory) + (B — C) g4y — A (Bme —  (3.21)
Bans) — (Mery — Msdy)
Wy = —hg; + A (CByry — ABspy) + (€ — 4) pyry — A (BMs —
Bam) — (Mspr — W7) '
pg = —hry -+ A (AByp, — BPqy) + (A — B) pygy — A (Bamy —

Bime)— (Mg — Me2P1)

Let us consider the set {x : y = 0}. It constitutes the aggregate of all solutions of

the linear equations .
M =4 (Bsne — Poms) (1 2 3)

i.e. it is invariant, The manifold £ of pointsat which (3, 20) becomes zero is of the
form p, = A8;, g, = Ay, r; = A and 1; are ambitrary (i =1, 2, 3).

For p; = Ad; = Aly, g, = MOy, = Al,, 1y = A8y = Al the first six equations
{3.17) are identically satistied and the remaining three assume the form

m = A1(Bs + Is) o — (B + L)l + Mo (Boly — Bsly) (1 2 3) (3.22)
Equations (3, 22) admit the first integral
By + 4 + M (Bs + L) + m3 (Bs + 1) = n = const (3.283)
The general solution of Eqs, (3, 22) is of the form
o= )+ n ) +Hhl (=123 (3.29)

where @; (£) are periodic functions of period 2x, «; (f) + n (B; + ;) is the gene-
ral solution of the homogeneous system, and hl; is the particular solution of the non-
homogeneous system (3. 22).
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The substitution of solution (3, 24) into the integral (3, 23) with allowance for the re-

lationship
L+ L2+ 18 2 (Budy + Baly + Bsls) = 0

yields ]2 4 L2 4 [2 = 0, i.e. l; = 0. Thus, we obtain that the set EN{x:y=
0} does not contain complete motions of system (3. 17) and, consequently, for & > Am,
(m; = max {4, B, C}) the unperturbed motion X = 0 is asymptotically y-stable as
a whole [5].

Theorem 3, If the initial conditions z; (0) (i = 1, 2, 3) for the linear system
(3.11) are selected in accordance with (3.12) and (3. 14), and the conditions % ~> Am,
are satisfied, the solid body subjected to moment.

M=np+ Y, grade, U
where m is determined by (3. 21), either performs the motion
o=»M, H,=5

or asymptotically tends to such motion, and the motion (3, 24) is asymptotically stable
according to Liapunov,

4. Let the gyrostat move about the center of mass in the presence of forces of gravity
with the fixed point O of the gyrostat located at distance £ from the center of pull O,,
Let us investigate moment

M = p° — v (H, x 85;) 41/, gradai U (4.1)

where @ is the tensor of the girostat inertia about the fixed point 0.
If condition (3, 14) is satisfied, the equations of perturbed motion with allowance for
moments of gravitational forces are of the form

Ap,” = h (Bary — Bsgy) + A (Bsmz — BaMa) + M1 — "lsqol + (4.2)
¥ (Co— C2) BBy v (Calsdy — Cabidy) + aby + we® (1 23)

8" = Bor1 — Bstr + A(Bgdy — ) + 8oy — S:qy (1 2 3)

M = h(Bory — Bsgy) +A (Bsne — Bens) + (Mory — Msqy) (12 3)

Function
"9 = Ap® + Ba? + Cr? — 2\ (Apgd, + Bad, + Crie) + (4.9
(@ -+ vC;) 82 - (@ -+ vC3 )B52 -+ (o + ¥Cs) 8t + (hb, —
m? + (8 — mg)? + (b3 — mg)?

A >>max {(L‘* - v}xA Y 1 , (At — v)hB 4+ wJa , A\ — v}xC -+ sz} (4.4)

for

is a y-positive-definite function, Let us set

1, = py — v (€3 + Cg) (B30s — Babs), Pze =p, — v (€, + (4.9)
Cs) (Bi6s — Bsd): m° = py — v (€1 + Co) (Body — B162)

where p; (i = 1, 2, 3) are functions defined by (3.21). The total derivative of func-

tion (4. 3) with respect to time, based on equations of perturbed motion (4. 2) with allow-
ance for equalities (3. 21) and (4. 5), is of the form
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V' = —hl(py — M? + (& — Adg)? 4 (ry — 185)°1

The set {X : y = 0} is invariant and the set £ \ {x : y = 0} does not contain
complete trajectories of system (4, 2) (the proof of this is similar to [3]). Consequently,
if conditions (3, 14) and (4. 4) are satisfied, the unperturbed motion x = ( is asympto-
tically y-stable as a whole [5].

Theorem 4. If the initial conditions z; (0) (i = 1, 2, 3) of the linear system
(3.11) are selected in accordance with (3, 12) and (3. 14}, and condition (4. 4) is satisfied,
the solid body sunjected to moment (4. 1), where p°is determined by equalities (3. 21)
and (4, 5) in the presence of gravitational forces either performs the motion

W = ?VH()' Ho = So (4. 6)

or asymptotically tends to such motion. Motion (4. 6) is asymptotically stable according
to Liapunov.

In concluding the author thanks V. V. Rumiantsev for stating the problem and constant
interest in this work,
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Existence of a new set of periodic solutions of the problem of a heavy solid body
motion about a fixed point is proved by the small parameter method of Poincaré.

1t is assumed that the body does not greatly differ from a body with a dynamic sym-
metry axis, and that the constant of integration of the moment of momentum is
fairly small.

Let us consider the motion of a heavy solid body about a fixed point, The equation of
motion of this problem can be reduced to a fourth order system describing the motion
of a fictitious material point in a plane, by using the cyclic integral 47 / 8¢° = f, where



